The purpose of this article is to modify the Halpern-Mann-type iteration algorithm for total quasi-φ-asymptotically nonexpansive semigroups to have the strong convergence under a limit condition only in the framework of Banach spaces. The results presented in the paper improve and extend the corresponding recent results announced by many authors. MSC: 47J05; 47H09; 49J25
Introduction
Throughout this paper, we assume that E is a real Banach space with the dual E * , C is a nonempty closed convex subset of E, and J : E →  E * is the normalized duality mapping defined by
Let T : C → E be a nonlinear mapping; we denote by F(T) the set of fixed points of T.
Recall that a mapping T : C → C is said to be nonexpansive if
Tx -Ty ≤ x -y , ∀x, y ∈ C.
T : C → C is said to be quasi-nonexpansive if F(T) = ∅ and
Tx -p ≤ x -p , ∀x ∈ C, p ∈ F(T).
T : C → C is said to be asymptotically nonexpansive if there exists a sequence {k n } ⊂ [, ∞) with k n →  such that T n x -T n y ≤ k n x -y , ∀x, y ∈ C, n ≥ . http://www.fixedpointtheoryandapplications.com/content/2012/1/153
T : C → C is said to be quasi-asymptotically nonexpansive if F(T) = ∅ and there exists a sequence {k n } ⊂ [, ∞) with k n →  such that T n x -p ≤ k n x -p , ∀x ∈ C, p ∈ F(T), n ≥ .
A one-parameter family T := {T(t) : t ≥ } of mappings from C into C is said to be a nonexpansive semigroup if the following conditions are satisfied:
(i) T()x = x for all x ∈ C;
(
ii) T(s + t) = T(s)T(t), ∀s, t ≥ ; (iii) for each x ∈ C, the mapping t → T(t)x is continuous; (iv) T(t)x -T(t)y ≤ x -y , ∀x, y ∈ C.
We use F(T ) to denote a common fixed point set of the nonexpansive semigroup T , i.e.,
F(T ) := t≥ F(T(t)).
A one-parameter family T := {T(t) : t ≥ } of mappings from C into C is said to be a quasi-nonexpansive semigroup if F(T ) = ∅ and the above conditions (i)-(iii) and the following condition (v) are satisfied:
A one-parameter family T := {T(t) : t ≥ } of mappings from C into C is said to be an asymptotically nonexpansive semigroup if there exists a sequence {k n } ⊂ [, ∞) with k n →  such that the above conditions (i)-(iii) and the following condition (vi) are satisfied:
A one-parameter family T := {T(t) : t ≥ } of mappings from C into C is said to be a quasi-asymptotically nonexpansive semigroup if F(T ) = ∅ and there exists a sequence {k n } ⊂ [, ∞) with k n →  such that the above conditions (i)-(iii) and the following condition (vii) are satisfied:
As is well known, the construction of fixed points of nonexpansive mappings (asymptotically nonexpansive mappings) and of common fixed points of nonexpansive semi-groups (asymptotically nonexpansive semigroups) is an important problem in the theory of nonexpansive mappings and its applications; in particular, in image recovery, convex feasibility problem, and signal processing problem (see, for example, [-]).
Iterative approximation of a fixed point for nonexpansive mappings, asymptotically nonexpansive mappings, nonexpansive semigroups, and asymptotically nonexpansive semigroups in Hilbert or Banach spaces has been studied extensively by many authors (see, for example, [-] and the references therein).
The purpose of this article is to introduce the concept of total quasi-φ-asymptotically nonexpansive semigroups; to modify the Halpern and Mann-type iteration algorithm [, ] for total quasi-φ-asymptotically nonexpansive semigroups; and to have the strong convergence under a limit condition only in the framework of Banach spaces. The results presented in the paper improve and extend the corresponding results of Kim 
Preliminaries
In the sequel, we assume that E is a smooth, strictly convex, and reflexive Banach space and C is a nonempty closed convex subset of E. In what follows, we always use φ : E × E → R + http://www.fixedpointtheoryandapplications.com/content/2012/1/153 to denote the Lyapunov functional defined by
It is obvious from the definition of φ that Definition . A mapping T : C → C is said to be closed if, for any sequence {x n } ⊂ C with x n → x and Tx n → y, Tx = y.
() A mapping T : C → C is said to be ({ν n }, {μ n }, ζ )-total quasi-φ-asymptotically nonexpansive if F(T) = ∅ and there exist nonnegative real sequences {ν n }, {μ n } with ν n → , μ n →  (as n → ∞) and a strictly increasing continuous function ζ :
From the definitions, it is obvious that a quasi-φ-nonexpansive mapping is a ({k n = })-quasi-φ-asymptotically nonexpansive mapping and a ({k n })-quasi-http://www.fixedpointtheoryandapplications.com/content/2012/1/153 φ-asymptotically nonexpansive mapping is a ({ν n }, {μ n }, ζ )-total quasi-φ-asymptotically nonexpansive mapping with ν n = k n -, μ n = , ζ (t) = t, ∀t ≥ . However, the converse is not true.
Example . ([]
) Let E be a uniformly smooth and strictly convex Banach space and A : E → E * be a maximal monotone mapping such that
Example . ([]) () Let C be a unit ball in a real Hilbert space l  and let T : C → C be a mapping defined by
where {a i } is a sequence in (, ) such that
the Banach space of continuous functions defined on I with the uniform convergence norm f
{}, o t h e r w i s e .
(.)
It is proved that T : C →  C is a multi-valued total quasi-φ-asymptotically nonexpansive mapping.
Example . Let C be the generalized projection from a smooth, reflexive, and strictly convex Banach space E onto a nonempty closed convex subset C of E, then C is a closed and quasi-φ-nonexpansive from E onto C.
Lemma . Let E be a smooth, reflexive, and strictly convex real Banach space such that both E and E * have the Kadec-Klee property, and let C be a nonempty closed and convex subset of E. Let T : C → C be a closed and ({ν n }, {μ n }, ζ )-total quasi-φ-asymptotically nonexpansive mapping, then F(T) is a closed convex subset of C.
Proof Let {x n } be any sequence in F(T) such that x n → x * . Now, we prove that x * ∈ F(T).
In fact, since Tx n = x n → x * and T is closed, we have x * = Tx * , i.e., F(T) is a closed subset in C. Next, we prove that F(T) is convex. In fact, let x, y ∈ F(T) and p = tx + ( -t)y, where t ∈ (, ). Now, we prove that p = Tp. Indeed, since T is ({ν n }, {μ n }, ζ )-total quasi-φ-asymptotically nonexpansive, for any n ≥ , we have
On the other hand, it follows from (.) that
Multiplying t and ( -t) on both sides of (.) and (.), respectively and then adding up these two inequalities, we have that
Letting n → ∞, we have that φ(p, T n p) → . Hence, it follows from (.) that
and so
E is reflexive and so is E * . Without loss of generality, we can assume that J(T n p) x * (some point in E * ). In view of the reflexivity of E, we have J(E) = E * . This shows that there exists an element x ∈ E such that Jx = x * . Hence, we have
Taking lim n→∞ on both sides of the equality above, we obtain that 
., p ∈ F(T).
The convexity of F(T) is proved. This completes the proof of Lemma ..
Definition . (I) Let E be a real Banach space, C be a nonempty closed convex subset of E. T := {T(t) : t ≥ } be a one-parameter family of mappings from C into C. T is said to be () a quasi-φ-nonexpansive semigroup if F = t≥ F(T(t)) = ∅ and the following conditions are satisfied:
ii) T(s + t) = T(s)T(t) for all s, t ≥ ; (iii) for each x ∈ C, the mapping t → T(t)x is continuous; (iv) φ(p, T(t)x)
() T is said to be a ({k n })-quasi-φ-asymptotically nonexpansive semigroup if the set F = t≥ F(T(t)) is nonempty, and there exists a sequence {k n } ⊂ [, ∞) with k n →  such that the conditions (i)-(iii) and the following condition (v) are satisfied:
() T is said to be a ({ν n }, {μ n }, ζ )-total quasi-φ-asymptotically nonexpansive semigroup if the set F = t≥ F(T(t)) is nonempty, and there exists nonnegative real sequences {ν n }, {μ n } with ν n → , μ n →  (as n → ∞) and a strictly increasing continuous function ζ :
[, ∞) → [, ∞) with ζ () =  such that the conditions (i)-(iii) and the following condition (vi) are satisfied: (ii)  < lim inf n→∞ β n ≤ lim sup n→∞ β n < . Let {x n } be a sequence generated by
(T). (II) A total quasi-φ-asymptotically nonexpansive semigroup T is said to be uniformly Lipschitzian if there exists a bounded measurable function
L : [, ∞) → (, ∞) such that T n (t)x -T n (t)y ≤ L(t) x -y , ∀x, y ∈ C, ∀n ≥ , t ≥ .
Main results

Theorem . Let E be a reflexive, strictly convex, and smooth Banach space such that both E and E
where
Proof (I) First, we prove that F and C n , n ≥  all are closed and convex subsets in C.
In fact, it follows from Lemma . that F(T(t)), t ≥  is a closed and convex subset of C. Therefore, F is closed and convex in C.
Again, by the assumption that C  = C is closed and convex, suppose that C n is closed and convex for some n ≥ . In view of the definition of φ, we have that
This shows that C n+ is closed and convex. The conclusion is proved.
(II) Now, we prove that F ⊂ C n , ∀n ≥ . In fact, it is obvious that F ⊂ C  = C. Suppose that F ⊂ C n for some n ≥ . Letting
it follows from (.) that for any u ∈ F ⊂ C n , we have
Therefore, we have
where ξ n = ν n sup p∈F ζ (φ(p, x n )) + μ n . This shows that u ∈ C n+ , and so F ⊂ C n+ . The conclusion is proved. http://www.fixedpointtheoryandapplications.com/content/2012/1/153
(III) Next, we prove that {x n } is bounded and {φ(x n , x  )} is convergent. In fact, since x n = C n x  , from Lemma .(b), we have
Again, since F ⊂ C n , ∀n ≥ , we have
It follows from Lemma .(a) that for each u ∈ F and for each n ≥ ,
Therefore, {φ(x n , x  )} is bounded. By virtue of (.), {x n } is also bounded. Again, since x n = C n x  , x n+ = C n+ x  , and x n+ ∈ C n+ ⊂ C n , ∀n ≥ , we have
This implies that {φ(x n , x  )} is nondecreasing and bounded. Hence, lim n→∞ φ(x n , x  ) exists. The conclusions are proved.
(IV) Next, we prove that x n → p * (some point in C).
In fact, since {x n } is bounded and the space E is reflexive, we may assume that there exists a subsequence of {x n i } such that x n i p * . Since C n , ∀n ≥  is closed and convex, we
follows from the weakly lower semicontinuity of the norm that
In view of the Kadec-Klee property of E, we see that x n i → p * (as n i → ∞).
If there exists another subsequence {x n j } ⊂ {x n } such that x n j → q * ∈ C, we have 
In fact, since x n+ ∈ C n+ , x n → p * and α n → , it follows from (.) and (.) that
This implies that for each t ≥ ,
Therefore,
This shows that {J(y n,t )} is uniformly bounded. E is reflexive and so is E * . Without loss of generality, we can assume that J(y n,t ) y * (some point in E * ). Since E is reflexive, J(E) = E * .
Hence, there exists y ∈ E such that Jy = y * . This implies that J(y n,t ) Jy. Since
Letting n → ∞, from (.), we have 
, C n+ is the generalized projection of E onto C n+ . If F is bounded in C, then {x n } converges strongly to F x  .
Proof It follows from Definition . that if T := {T(t) : t ≥ } is a closed, uniformly L-Lipschitz and ({k n })-quasi-φ-asymptotically nonexpansive semigroup, then it must be a closed, uniformly L-Lipschitz ({ν n }, {μ n }, ζ )-total quasi-φ-asymptotically nonexpansive semigroup with ν n = k n -, μ n = , ∀n ≥  and ζ (t) = t, t ≥ . Therefore, all the conditions in Theorem . are satisfied. The conclusion of Theorem . can be obtained from Theorem . immediately. Then the sequence {x n } converges strongly to F x  .
Proof Since T := {T(t) : t ≥ } is a closed, quasi-φ-nonexpansive semigroup, by Remark ., it is a closed, uniformly Lipschitzian and quasi-φ-asymptotically nonexpansive semigroup with the sequence {k n = }. Hence, ξ n = (k n -) sup u∈F φ(u, x n ) = . Therefore, the conditions appearing in Theorem .: 'F is a bounded subset in C' and 'T := {T(t) : t ≥ } is uniformly Lipschitzian' are of no use here. Therefore, all conditions in Theorem . are satisfied. The conclusion of Theorem . can be obtained from Theorem . immediately.
